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A nonlinear integral equation that is responsible for the implementation of the 
non-Abelian Gauss's law is applied to an investigation of the topological features 
of two-color QCD and to a discussion of their relation to QCD dynamics. We also 
draw a parallel between the nonuniqueness of the solutions of the equations that 
govern the gauge-invariant gauge field and Gribov copies. 



1 Introduction 

The investigation I am reporting concerns the imphcations of the constraints 
that apply in QCD — in particular the non-Abelian Gauss's law — not only 
for the dynamics but also for the topological features of the theory. Previous 
work has dealt with the implementation of Gauss's law, which we have carried 
out by constructing states that are annihilated by the "Gauss's law operator" 
Q°'{v) for the temporal (Aq = 0) gauged where 

^''(r) = a,n,nr) + ge^'^^A]{v)Tr^{v)+f^{v) and j-(r) = g i^^v) ^(r) (1) 

and where n^(r) is the momentum conjugate to the gauge field (r) as well as 
the negative chromoelectric field. We have, furthermore, constructed gauge- 
invariant quark and gluon operator-valued fields and have transformed the 
QCD Hamiltonian into^ form in which it is expressed entirely in terms of these 
gauge-invariant fieldsB'El An operator-valued field — the so-called "resolvent 
field" AI{t), that is a non-local functional of the gauge field in the temporal 
gauge — has a central role in these developments. In the two-color SU(2) 
version of QCD, with which we will be concerned in this work, the resolvent 
field appears in the gauge-invariant gluon field ^ (r) as shown by 

[^nW ^ ] - Vc{v) [A\{v)i^]Vc\v) + ^^Vc{v)d,V^~\v) . (2) 

where Vb(r) = cxp ( -i53^(r)^ ) exp (-igA'"(r)^) (3) 
and Vc'\r) ^eiip{igX"{r)^) exp{igy^{r)^) (4) 
with A-^W = ||A^(r) and y^{r) = §^Af{r). (5) 
The gauge- invariant field -(r) given in Eq. (||) can also be expressed as 

A^„;(r) = A|,,(r) + [%-^]:4f(r), (6) 
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where A^^{r) is the transverse part of the gauge field A^{r) in the temporal 
gauge. The resolvent field is also required for defining the gauge-invariant 
quark field 

^Gi(r) =Fc(r)^(r) and V^iW = V-^W l^c'^W • (7) 

We have shown that gauge transformations transform Vc(r) in such a way, 
that they exactly compensate for the transformations undergone by Af{r) 
and so thaLylQ-(r) and V'Gi(r) remain untransformed by any gauge 

transformations qH 

Central to the implementation of Gauss's law and the construction of 
gauge-invariant operator-valued fields, is a nonlinear integral equation that 
appeared in our earlier work as the defining equation for the resolvent fieldul 
In this nonlinear integral equation, functionals of the gauge field appear as in- 
homogcneous source terms. The significance of this integral equation is made 
manifest by a proof — the so-called "fundamental theorem" — that resolvent 
fields that solve this integral equation generate the gauge-invariant fields given 
in Eqs. (H)-(0) as well as the states that implement Gauss's law. 

2 Topological configurations of the resolvent field 

At the QCD Workshop that met in Paris last year, I discussed the transforma- 
tion of the QCD Hamilttmian into a form that is expressed entirely in terms 
of gauge-invariant fieldscrQ In this form, the QCD Hamiltonian is particularly 
suited for applications to low-energy phenomena, and displays quark-quark 
and quark-gluon interactions that are non-Abelian analogs of the Coulomb 
interaction in QED. More recently, we have been studying the topological im- 
plications of the equations that determine the gauge-invariant fieldsEl In this 
work, we represented the resolvent field and the gauge field in the temporal 
gauge as functions of spatial variables that are second-rank tensors in the com- 
bined spatial and SU(2) indices. Except in so far as the forms of A]{r) and 
A'J{r) reflect this second-rank tensor structure, they are isotropic functions of 
position. In this way, we can represent the longitudinal part of the gauge field 
in the temporal gauge as 

and the transverse part as 

A]^{r)=S,^TA{r) + ^TBir)+e,^n-Tc{r) (9) 



'■'i J, r \ r J 
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where M{r), Ta{t), Tsir) and Tc{r) are isotropic functions of r, the prime 
denotes differentiation with respect to r, and the transversahty of Aj^lr) 
requires that 

d{r'^TB) , ^dTA 



r 



(r) = (^(5i^ - + (^A^ + ej7ny V^c (11) 



dr dr 

An entirely analogous representation of the resolvent field enables us to relate it 
to the gauge field through the nonlinear integral equation described in section 
|l|. As a result of this analysis, we have been able to show that it is possible to 
represent the resolvent field as 

A 
where 

ipA^ — [Afcoa{Jf + AA) - sin(Ar + A^)] +Ta [cos(Ar + AA) - l] -Tc sm{J7+U) 

(12) 

and 

ipc^ — WsinQJ + cos(Ar + AA) - ll +Tc \cos{J7 + +Ta sin{J7+Af) 

gr 

(13) 

with 3^(r) = ^:4f (r) - — and A"^(r) = §iAfir) ^ ra — . (14) 
^ gr gr 

Similarly, the gauge-invariant gauge field can be expressed as a functional of 
A/ and of M, Ta, Tb and Tc as shown by 



, (r) - ^ { e, ^ „ ^ [cos(Ar + AA) - 1 + AA sin(Ar + ^)] + [s, ^ - ^) 
rAAcos(Ar + Af)- sin(Ar + AA)] - 



+Ta { (<5.7 - ^) cos(AA + Af) + e,^nysm{Af + AA)} + ^ (Ta + Tb) 

+Tc {e,^„^cos(Ar + AA) ~ (<5,^ - ^) sin(Ar + A^)} . (15) 

With these representations, the nonlinear integral equation that relates the 
resolvent field to the gauge field is transformed to the nonlinear differential 
equation 

^ + ^ + 2 [AAcos(Ar + AA) - sin(Ar + A^)] 

+ 2gro exp(u) {Ta [cos(Ar + A/") - l] - Tc sin(Ar + A/")} = (16) 
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where u = ln(r/ro) and tq is an arbitrary constant. Eq. ( p^ relates 77 to the 
source terms A/", T4 and Tc- Together with these source terms, 77 completely 
determines the resolvent field and the gauge-invariant gauge field. In the limit 



in which the gauge field = 0, (i. e. TV = = = Tc = 0), Eq. (\l§ 
reduces to the autonomous "Gribov equation" Ij'El 

which is also the equation for a damped pendulum with u representing the 
time, with the proviso that Af must remain bounded not only in the interval 
0<u < 00, but in the larger interval —00 < u < 00 to include the entire space 
0<?' < 00. 

We have obtained numerical solutions of Eq. ( p^ ) with a variety of choices 
for the inhomogeneous terms Af, Ta, Tb and Tc- We have also defined the 
part of the gauge field 

A,(r) = ~^g^ [A^Mv = Vc{r)d,V^\r) (18) 

that has the structure (but not the physical significance) of a " pure, gauge" 
field, and have evaluated what we have called the "winding number" □ 

Q - -{247TY^e^jkJ drTr[A,(r)Aj(r)Afe(r)] . (19) 

In evaluating Q, we have substituted Eq. ( p^ ) into Eq. (||), to obtain 

Vc{r) = exp (^-if^Tn^^^^ . (20) 

In these numerical calculations, we assume that Ta, Tb and Tc — the trans- 
verse parts of the gauge field — all vanish at the origin and as r^oo; and that 
77 vanishes at the origin and that, as r^oo, 77^21-^ where i is an integer, so 
that the pure-gauge field associated with the source field ^"(r), 

exp -«r„T„— exp 2r„T„ 



has an integer winding number. i On the basis of these numerical calculations, 
we have made the following observationsiU 

• Solutions of Eq. ( p^ exist that are bounded in the entire interval 0<r < 00 
(—00 < u < 00). When we normalize these solutions so that TV = at r = 0, 
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we find that, for cases in which £ = 0, U^rmi, where m is an integer. Even 
values of m correspond to positions of unstable equilibrium for the equivalent 
pendulum, and odd value of m correspond to stable equilibrium positions. 
Numerical calculations that we have carried out never terminate with unstable 
equilibrium positions, because of rounding errors in the numerics. Both even 
and odd values of m are possible in the limit r— >oo, even though numerical 
integrations only terminate with odd values of m in that limit. 

• In the case of solutions of Eq. ([l^ ) for which lim-r^oo A/" = i?7r, with £ an 
integer other than 0, limr^oo A/" = tan^-'^(27ri?). 

• The "winding number" Q, defined in Eq. (|T9|), has values Q = m/2 when 
£ = 0, (i. e. when limr^ooA/" = 0), and is a half-integer when m is odd, 
corresponding to a position of stable equilibrium in the i — >oo limit. When the 
integer ^>0, 



, arctan(27rf ) + tott + 27r£ f 1 ^ ) I (21) 

where m is an arbitrary integer and apctan is defined to represent the first 
sheet of the multivalued tan^^ functionlj 

• The nonlinear Eq. ( |l6|) has a number of different solutions, bounded in 
0<r < oo, for the same set of source terms Af, Ta, Tb and Tc- Moreover, a 
number of numerical experiments have shown that the solutions of Eq. (^6|) are 
remarkably insensitive to these source terms. In particular, regardless of the 
value of limr^oo A/", in the limit r-^oo, ^(r) has the form of the hedgehog 

Al^{v) = - (l±^\ + AnHA -e,,n- (22) 



where ± corresponds to negative (positive) values of sin{lim„^oo A/'(m)} and 
cos{lim„^oo A/'(w)}. 

3 Discussion 

The topological features of the resolvent field — and of the gauge field — that 
we have discussed in this work are not due to boundary values that we have 
imposed arbitrarily. They are direct consequences of the integral equation 
that establishes the resolvent field and that accounts for the implementation 
of Gauss's law and the gauge invariance of the fields described in Eqs. (||)-(0). 
The topological features of the resolvent field and of the gauge-invariant gauge 
field that we have discussed in Section ^ therefore must be ascribed to the 
constraint imposed by the implementation of the non-Abelian Gauss's law and 
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by the ansatz chosen for the representation of the SU(2) gauge field and the 
resolvent field. 

Some of the observations made in Section ^ call for further investigations 
to clarify the relation between QCD dynamics and topology and between for- 
mulations of QCD in different gauges. For example, the observation that, for 
the same set of source terms, Eq. ( p^ has multiple solutions, raises questions 
about the relation of these multiple solutions to Gribov copies of gauge fields in 
the Coulomb gauge. Also, further work is required to fully understand how the 
"hedgehog" form of the gauge-invariant gauge field in the large-r limit enables 
it to function as the "glue" in the nonlocal quark-quark and quark-gluon inter- 
actions in the representation of QCD in which the Hamiltonian is represented 
entirely in terms of gauge-invariant fields. 
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